1. Introduction. Periodic orbits are everywhere in the study of differential equations. Keplerian motion under an inverse square law force is elliptic and periodic, and the solution of the three-body problem that forms the foundation of the Hill-Brown theory in celestial mechanics is also periodic [20] . Every area of science has its own oscillatory phenomena and these are usually periodic solutions of differential equations. The focus of this paper is a fast and accurate algorithm for computing periodic orbits.
The solution x(t) of the ordinary differential equationẋ(t) = f (x), x ∈ R d , is a periodic orbit if x(t + T ) = x(t) for all real t. The number T is its period. The unrestrictive assumption of twice continuous differentiability of f (x) suffices here and in section 3. Usually f (x) is analytic. Periodicity of the orbit simplifies its stability analysis, and it is generally sufficient to look at the linearization [12] .
In the linearizationẏ(t) = A(t)y, A(t) = ∂f (x)
∂x | x=x(t) , A(t) is also periodic with period T . Let Y (t), where Y (0) is the n × n identity matrix, be the fundamental solution of this linear equation. All the n columns of Y (t) solveẏ(t) = A(t)y. The matrix Y (T ) is the monodromy of the periodic orbit.
The eigenvalues of the monodromy are invariant under a change of variables. There is always an eigenvalue equal to 1 corresponding to perturbations along the orbit. The eigenvalues excluding 1 are called characteristic multipliers. If all the characteristic multipliers are less than 1 in magnitude, the orbit will attract an open neighborhood and is called attracting. If all are greater than 1 in magnitude, the orbit will repel an open neighborhood and is called repelling. If some are greater and some are less than 1, the orbit is a saddle. There is the additional possibility that some of the characteristic multipliers might actually lie on the unit circle. Characteristic multipliers and stability of periodic orbits are clearly discussed by Hale [12] and by Robinson [19] .
The monodromy and the characteristic multipliers determine to a large extent the effectiveness of every algorithm for computing periodic orbits. A natural approach for computing a periodic orbit is to pick a point close to the periodic orbit and follow the trajectory from that point using an ODE solver. The trajectory will converge if the periodic orbit is attracting. Following the trajectory backward in time will converge if the periodic orbit is repelling. When the periodic orbit is a saddle, however, this approach has no chance of success at all. Another issue is that following trajectories, when the periodic orbit converges at all, it converges only linearly. Even if the trajectory is followed exactly, the distance to the periodic orbit will decrease approximately by a constant factor in one period. Thus, for example, if the distance to the periodic orbit is 0.1 to begin with and the leading characteristic multiplier within the unit circle has magnitude 0.8, the distance of the trajectory from the periodic orbit could be 0.08, .064, .0512, etc., after successive periods. However, the tools for following trajectories, ranging from Runge-Kutta solvers to multistep methods, are numerous and very well developed, and it is worthwhile trying to use them. The third example in section 4 uses a slight modification of this natural approach to get quadratic convergence. Thus if this modification is used, the distance to the periodic orbit after successive periods can decrease like 0.1, .01, .0001, .00000001,. . . . The advantage of quadratic convergence over linear convergence is readily apparent.
The computer package AUTO written by Doedel and others [6] has been used for finding periodic orbits. AUTO's extensive capabilities include finding periodic orbits, solving boundary value problems, computing local and global bifurcations, and computing homoclinic orbits. It is also well documented. AUTO uses piecewise polynomials and collocation at Gauss-Legendre points to compute periodic orbits. The algorithm is superconvergent at mesh points.
Like AUTO, the algorithms proposed by Choe and Guckenheimer [1] and Guckenheimer and Meloon [10] treat the problem of finding a periodic orbit as a sort of boundary value problem. The algorithms use automatic differentiation [8] to tightly control the accuracy of the approximation to the periodic orbit. What follows is a description of one of their algorithms. Assume that the desired periodic orbit oḟ x(t) = f (x) is at the points x 1 , x 2 , . . . , x N −1 at times t 1 < t 2 < · · · < t N −1 and that it returns to x 1 for the first time at t = t N . Thus t N − t 1 is its period. We won't know the points x i and t i initially, of course, but the algorithm assumes reasonable approximations to begin with. Denote the time t map induced by the flow by φ t :
. . .
Guckenheimer and Meloon [8] treated this as a set of nonlinear equations to be solved for t i and x i beginning with a reasonable approximation. Some additional constraints, which are mostly intuitive, need to be imposed. They use automatic differentiation in two ways. The first use is as an accurate ODE solver for computing the maps φ ti+1−ti . The second use is to obtain the Jacobians of the maps, which are needed to apply Newton's method. There are other variants of this forward multiple shooting algorithm: one is a symmetric multiple shooting algorithm and another is based on Hermite interpolation. Before making further comments, we establish an analogy. The problem of finding periodic orbits is certainly harder than the problem of finding fixed points of a given flow. The problem of finding fixed points, on the other hand, is exactly the same as the extensively investigated problem of solving the system of nonlinear equations f (x) = 0. It is widely believed that this last problem is unsolvable in general without a sufficiently good starting approximation. See, for example, the comments about global optimization in [3] . Therefore, the necessity of good approximations to x i and t i must not be considered a limitation of the Guckenheimer-Meloon algorithm. A good starting approximation is an inevitable requirement of any algorithm for computing periodic orbits. The monodromy matrix of the periodic orbit plays the same role as the Jacobian of f (x) at the fixed point or zero.
Wisely, Guckenheimer and Meloon [8] emphasized accuracy over speed. The algorithm derived in section 2 is quadratically convergent. Section 3 gives a proof of quadratic convergence. Examples in section 4 demonstrate that the convergence in practice is quadratic and very smooth. The analogy with zero finding for nonlinear systems makes it clear that quadratic convergence is as good as can be expected. Guckenheimer and Meloon included a proof of convergence but did not discuss the rate of convergence. Doedel proved convergence of a collocation method in [4] .
The algorithm for computing periodic orbits in section 2 is a polyphony of three themes: the Lindstedt-Poincaré technique from perturbation theory, Newton's method for solving nonlinear systems, and Fourier interpolation. The basis of Newton's method is the linearization of the nonlinear system of equations. In section 2, we linearize the differential equation around an approximate periodic orbit. The author [24] has used a similar approach to analyze the accumulation of global errors while solving initial value problems using Runge-Kutta-type methods. Indeed, the proof of the convergence theorem in section 3 is quite similar to the proof of Theorem 2.1 in [24] . Fourier interpolation is a natural choice for periodic orbits, but as the third example in section 4 shows, of the three themes, this is the most dispensable.
The Duffing oscillator has emerged as the favorite starting point for introducing the Lindstedt-Poincaré technique. Section 2 follows this tradition. The concluding section 5 comments on computing bifurcations.
Lau, Cheung and Wu [15] and Ling and Wu [16] independently proposed harmonic balance methods for computing periodic orbits. Their methods use Fourier series as ours do. The main part of the computation in harmonic balance methods is the solution of a linear system of dimension nd, where the differential equation is ddimensional and the Fourier series are of width n. The linear systems are dense because of the global nature of Fourier interpolation, and the O(n 3 ) cost of solving those systems becomes prohibitive for large n. Computation of periodic orbits with accuracy comparable to machine precision has not been demonstrated using harmonic balance methods as far as we know. In a proper implementation [25] , the cost of our algorithm depends on n like O(n log n).
For computing periodic orbits and bifurcations, AUTO [6] has proved itself over nearly two decades of use. Doedel [5] surveys the large body of work that has gone into this package. AUTO's algorithm and the Guckenheimer-Meloon algorithms [10] are adaptive. Since the linear systems that they form are sparse, the cost of solution is only linear in the number of mesh points in one case and in the number of shooting points in the other. Their adaptivity makes them superior choices for computing periodic orbits that combine slow and rapid variation in different regions. When a periodic orbit is analytic, its Fourier coefficients decrease exponentially fast, making its Fourier representation compact. For such periodic orbits, our algorithm will be advantageous. Another feature of our algorithm is the ease with which global constraints on the periodic orbit can be enforced as shown by the coupled Josephson junctions example in section 4. We seek a solution to the Duffing equation with q(0) = 1, p(0) = 0. The unperturbed equation with = 0 has the solution q(t) = cos(t), p(t) = − sin(t). The Lindstedt-Poincaré technique recognizes that the actual orbit will have a period slightly different from 2π. In the equations
An
ω allows for a rescaling of time. The Lindstedt-Poincaré technique tries to find a solution for q and p that is 2π periodic in τ and a value of ω close to 1 to account for the slight difference of the period from 2π. The starting guess is ω 0 = 1, q 0 (τ ) = cos(τ ), and p 0 = − sin(τ ).
This guess doesn't solve (2.1). So try to correct it to ω 1 = ω 0 + δω, q 1 (τ ) = q 0 (τ ) + δq(τ ), and p 1 (τ ) = p 0 (τ ) + δp(τ ). The corrections δq and δp must also be 2π periodic functions of τ . Substitute into (2.1) to get
Linearize and neglect all terms of order δ 2 and higher to get
Equation (2.2) will be solved for δq, δp, and δω in the following way. The initial conditions require q(0) = 1 and p(0) = 0. Since q 0 and p 0 already obey this requirement, set δq(0) = 0 and δp(0) = 0. The solution of (2.2) then takes the form
The R 2 -valued functions f 1 and f 2 can be computed by applying an accurate ODE solver to (2.2). Choose δω to minimize the 2-norm of f 1 (2π) + δωf 2 (2π). This makes the corrections δq and δp as close to being 2π periodic in τ as possible. After these corrections are added to the initial guess, ω 1 , q 1 , p 1 will be closer to an exact solution of the Duffing equation.
The passage from ω 0 , q 0 , p 0 to ω 1 , q 1 , p 1 follows the Lindstedt-Poincaré technique, but the presentation is different from the standard accounts in Kevorkian and Cole [14] and Nayfeh [18] . There is also a difference that goes beyond presentation. To make the calculations analytically feasible, the usual applications of this technique ignore the term in −1 − 3 cos 2 τ . Ignoring that term gives ω 1 = 1 + 3 /8. For = 0.1, 1 + 3 /8 = 1.0375 is worse than the approximation obtained after one iteration in Table 1 . An early use of the Lindstedt-Poincaré technique was to get rid of the secular terms in planetary theories that used Lagrange's orbital elements. It is also sometimes called the method of strained coordinates. Table 1 shows the effect of successive iterations. The energy error is the maximum deviation from the Hamiltonian along the approximate periodic orbit computed by the iteration. The residual error is the maximum of |ω iqi (τ ) − p i | and |ω iṗi (τ ) + q i + q 3 i | along the orbit. The magnitude of the Fourier coefficients of q(τ ) are shown in Figure  1 . The use of Fourier series in the algorithm is yet to be explained.
For a continuous 2π periodic function x(τ ), the Fourier series takes the form
The rate of decrease of |a k | as |k| → ∞ depends upon the smoothness of x(τ ). In particular, when x(τ ) is analytic in a strip about the real line, the decrease is exponential. A Fourier series of width 2p + 1 picks up the 2p + 1 coefficients from a −p to a 0 to a p . A Fourier series of width 2p uses 2p coefficients, but one of the coefficients is taken to be a coefficient of cos(pt). To compute n Fourier coefficients of x(τ ), the fast Fourier transform (FFT) is applied to the function evaluated at n equispaced points in [0, 2π). The width n of the Fourier series must be sufficiently large to pick up all the coefficients above a threshold comparable to the machine precision. The kth coefficient of the derivativeẋ(τ ) is ika k , except when k is the index of the cos term in a Fourier series of even width. If x 1 , . . . , x m are 2π periodic, so is f (x 1 , . . . , x m ). To obtain its Fourier series from those of the x i , interpolate x i at equispaced points in 0 ≤ τ < 2π, evaluate f at those points, and apply the FFT. The inverse FFT can be used to interpolate a Fourier series at equispaced points. Trefethen [23] gave a lucid account of matters related to the use of Fourier series. We comment about aliasing errors at the beginning of section 4. The algorithm below applies to isolated orbits. When the orbit to be approximated is not isolated, as for the Duffing equation above, the modifications needed are minor. They are given at the end. The problem is to find an isolated orbit of the dynamical systemẋ(t) = f (x), x ∈ R d . Rescale time as before using τ = ωt and ask for a frequency ω and a 2π periodic orbit of the dynamical system ωẋ(τ ) = f (x). The starting guesses ω 0 for the frequency and x 0 (τ ) for the periodic orbit must be sufficiently close to the periodic orbit. However, x 0 (0) need not be on the orbit as it was for the Duffing equation. The first guess x 0 (τ ) must be 2π periodic. Assume it is given as d Fourier series, one for each coordinate in R d . The iteration to generate improved approximations ω 1 and x 1 (τ ) is made up of the following steps:
1. Compute the Fourier series for all d 2 entries of A(τ ), which is defined as
This correction equation can be matched with (2.2) term by term. It can be derived in an almost identical manner. Take the fundamental solution of ω 0ẏ (τ ) = A(τ )y to be Y (τ ), with Y (0) the identity matrix and M = Y (2π) so that M is the approximate monodromy for the periodic orbit. The general solution of (2.3) written as
allows the choice of y(0). Use an accurate ODE solver to compute the fundamental solution Y (τ ) and f 1 (τ ) and f 2 (τ ). 5 . δω and y(0) will be chosen to make y(τ ) 2π periodic. Kevorkian and Cole [14] showed an application of the Lindstedt-Poincaré technique that involves adjusting the initial condition. Clearly,
Requiring y(2π) = y(0) gives d linear equations for the d + 1 real unknowns y(0) and δω. But varying x(0) along the periodic orbit gives different representations of the same periodic orbit. Therefore, impose the additional requirement that y(0) must be orthogonal to the vector field at x 0 (0). Solve the linear system
where I is the identity in
, to obtain y(0) and δω. 6. Obtain d Fourier series for y(τ ) by interpolating Y (τ )y(0), f 1 (τ ), and f 2 (τ ) in equispaced intervals in [0, 2π). 7. The new approximations are x 1 (τ ) = x 0 (τ ) + y(τ ) and ω 1 = ω 0 + δω. The iteration can be continued to obtain ω 2 , x 2 (τ ) from ω 1 , x 1 (τ ) and so on. Propagating the residual error r(τ ) using the linearization of the differential equation ωẋ(τ ) = f (x) along the approximate orbit leads to f 1 (τ ). Propagatingẋ 0 (τ ) along the approximate orbit leads to f 2 (τ ). Therefore, f 2 (τ ) will be roughly parallel to the vector field along the approximate orbit. The correction equation (2.3) tries to cancel out the residual error. From the interpretation we have given to f 1 and f 2 , it follows that the δω term in (2.4) will mainly cancel out the component of the residual error along the orbit, while the y(0) term will mainly cancel out the error transverse to the orbit.
If it is known that x 0 (0) is on the periodic orbit, we can take y(0) = 0 and
. Table 1 and Figure 1 use an implementation of the iteration with this modification.
Each iteration of the algorithm spends almost all its time in the ODE solver used in step 4 for computing Y (τ ), f 1 (τ ), and f 2 (τ ). The Duffing equation and the examples in section 4 used MATLAB's ode45 with the option odeset('AbsTol',1e-8, 'RelTol', 1e-8). The MATLAB code for implementing the iteration for the Duffing equation and for the examples in section 4 was about 75 lines.
Proof of Quadratic Convergence.
The proof of quadratic convergence (in Theorem 3.1 below) of the algorithm in the preceding section is similar to the proof of Theorem 2.1 in [24] in its use of the linear variation of constants formula. Hale [12] gave a fine description of the linear variation of constants formula, as of many other topics. Unlike the proof of quadratic convergence of Newton's method in Dennis and Schnabel [3] , the proof below uses second derivative information. Quadratic convergence fails when 1 is a multiple eigenvalue of the monodromy. When 1 is a multiple eigenvalue, the constant σ 2 in Theorem 3.1 becomes zero at the periodic orbit. This failure is similar to the loss of quadratic convergence in Newton's method when the Jacobian at the root is singular.
The proof ignores all errors made by the ODE solvers in step 4 of the algorithm. In other words, the linear ODEs in step 4 are assumed to be solved exactly. Both Theorem 3.1 and its proof use notation introduced in section 2. The vector norm in this section is length in Euclidean space. The matrix norm is the induced matrix norm.
Theorem 3.1. Assume thatω andx(τ ) give a hyperbolic 2π periodic orbit of ωẋ(τ ) = f (x). As explained in section 2, they also give a 2π/ω periodic orbit oḟ
Let ω 0 and x 0 (τ ), which must be 2π periodic, be approximations toω andx(τ ).
Let ω 1 and x 1 be the new approximations generated by the iteration in section 2. Then
for < 0 for some 0 > 0. The constants C 1 , C 2 , and C 3 are given by 
The definitions of Y (t) and M are given in section 2 and σ min is the minimum singular value of the matrix. Proof. The assumption aboutω,x and the definitions of δω andȳ imply
which is the same as
The remainder term above is obtained by Taylor-expanding f (x 0 +ȳ) about x 0 . The remainder is necessarily 2π periodic. The above equation can be written as
where p(τ ) is 2π periodic. The upper bounds onȳ and δω and the differentiability assumption on f imply that p(τ ) < c 2 for a constant c which depends only upon the second derivative of f in a neighborhood of the periodic orbit. Think of (3.1) as a linear differential equation to be solved forȳ. Then the general solution can be written asȳ
Here Y (τ ), f 1 (τ ), and f 2 (τ ) are as defined in section 2, while P (τ ) is given by the linear variation of constants formula
Similar integral expressions can be written down for f 1 and f 2 , but that won't be necessary.
All the error after the first iteration arises because the iteration uses the general solution (2.4), which is
instead of (3.2). Thus the term P (τ ), which can be bounded as P < c σ 1 2 , is what is missing. This term picks up all the error caused by the linearization.
The rest of the proof is routine. We show the proof only for the bound on ω 1 −ω. If the iteration were to use (3.2), the linear equation for determiningȳ(0) and δω would be
However, the actual iteration neglects the P (2π) term. Therefore, the errors y(0) −ȳ(0) and |δω − δω| can be bounded above by cσ 1 2 /σ 2 for a suitable constant c.
Examples.
The first three examples in this section are drawn from Guckenheimer and Meloon [10] . The fourth example is based on Hill's famous work on the motion of the moon. In every case, the quadratic convergence of the algorithm in section 2 is clearly demonstrated. The first three examples include brief comparisons of our computations with those in [10] .
The computations give all the 15 digits of precision possible in IEEE arithmetic of the frequencies or periods of the periodic orbits in all the examples. Characteristic multipliers are determined with equal precision in all examples but the last.
The implementation of the algorithm must pay attention to the possibility of aliasing. The systemẋ
has a limit cycle along the circle x 2 + y 2 = 1 for µ = 0. The limit cycle is attracting for positive µ. Let the starting guesses be x = cos t + cos mt and y = sin t. Evaluate the vector field along this approximate curve to O( ) to get ) .
If the Fourier series is wide enough to pick up sin mt and cos mt terms but not wide enough to pick up sin(m + 2)t and cos(m + 2)t terms, the latter two frequencies can't be represented and are aliased to some lower frequencies. The correction equation has no chance of removing this O( ) error. Thus, once there is error in some of the higher frequencies, it will persist throughout the computation. Therefore, the Fourier series may have to be wider than the minimum width needed to represent the periodic orbit, and very crucially for the success of the algorithm, the starting guess must not have high frequency errors. It is best to entirely remove about half or two-thirds of all the frequencies at the higher end from the starting guess. At the end of every iteration, the Fourier series representing x(τ ) must be forced into representing purely real functions. The use of the FFT creates a complex part because of rounding errors, and upon repeated iterations, this complex part may excite an instability. 
Coupled Josephson Junctions. An uncoupled Josephson junction is described by βφ+φ+sin φ = I. This equation also describes a forced, damped pendulum. The parameter β is named after Stewart and McCumber. Denote the unique periodic orbit by φ = h(t). Over one period, h(t) increases by 2π, butḣ(t) is exactly periodic. Thus the pendulum goes over in every period. The equation for N coupled Josephson junctions is
Watanabe and Swift [26] show an electrical circuit in which the parameters I, L, R, and C are the bias current, the inductance, the resistance, and the capacitance, respectively. They seek solutions of the coupled equations that take the form φ 1 = g(t), φ 2 = g(t+T/N), and so on until φ N = g(t+(N −1)T/N), where g(t) increases by 2π over the period T . Their interest is in particular in the stability of such splay-phase solutions. They say that various uses have been proposed for splay-phase solutions of coupled Josephson junctions, including use as computer memory, and presumably the practicality of these proposals could depend upon the stability of splay-phase solutions. In a splay-phase solution of period T , the period of Q will be T/4. Table 3 shows computations of two splay-phase solutions. Both computations use I = 2.5, L = 0.75, R = 0, and C = 20. In one of them β = 0.2, and in the other, β = 20. The number of oscillators is N = 4. The starting guess uses a suggestion of Watanabe and Swift [26] ; it simply uses h(t), the periodic solution of the uncoupled Josephson junction, in place of g(t) and shifts it by 0, T/4, T/2, and 3T/4 to get the starting guesses for φ 1 , φ 2 , φ 3 , and φ 4 . The starting guess takes Q to be C times the average ofḣ(t) over one period andQ to be zero.
The computation for β = 0.2 follows the algorithm in section 2 with one small modification. The φ i (τ ) are not exactly 2π periodic but increase by 2π as τ increases from 0 to 2π. We represent φ i (τ ) − τ andφ i (τ ), 1 ≤ i ≤ 4, using Fourier series as [26] used multiple scale perturbation analysis and approximated the absolute value of the top two eigenvalues above using formulas that evaluate to 1.12511278376262. The actual absolute value is 1.15097050268390. Their formulas give 1.00224333725148 as the approximation for the third eigenvalue from the top. The eigenvalues above are in close agreement with the numbers in [10] . The fourth eigenvalue is pretty close to 1, its exact value.
The method used for β = 0.2 fails completely when β = 20. When β = 20 the monodromy has multiple eigenvalues very close to 1. As a result, σ 2 in Theorem 3.1 will be very close to zero. However, a simple modification allows us to get around this. Instead of treating the functions φ i andφ i as different functions for i = 1, 2, 3, 4 during every iteration, we pretend that there is only the set φ 1 andφ 1 , and we force the other φ i andφ i to be copies of this set shifted by a suitable fraction of the period at the end of every iteration. The algorithm then converges quadratically. The eigenvalues of the monodromy are 
has been investigated by Dangelmayr and Guckenheimer [2] . When r = m = 0, the vector field becomes a normal form for codimension-2 bifurcations with a certain type of symmetry. Dangelmayr and Guckenheimer analyzed this four-parameter family to understand the effect of loss of symmetry. They scaled variables and rewrote the vector field above as a small perturbation of a one-degree-of-freedom Hamiltonian vector field. The Hamiltonian part has exact solutions that are mostly periodic orbits expressible, unsurprisingly, in terms of elliptic integrals. The perturbative analysis has many points of difficulty, but among other things, leads to a region of parameter space with four limit cycles. The parameters r = 0.87, m = −1, n = −1.127921667, and b = 0.897258546, used here and in [10] , are based on Malo's work [17] . The four limit cycles are shown in Figure 2 . Note how close the three inner cycles are to one another. The outermost cycle is attracting and the inner three are, respectively, repelling, attracting, and repelling. For the three inner cycles, the dynamics is slow when they cross the negative x axis but much faster when they cross the positive x axis.
The outermost cycle can be easily computed using the algorithm in section 2. But the three inner orbits are much harder to compute accurately. Figure 3 helps explain the source of the difficulty. The entries of the fundamental matrix Y of the inner cycles start with values near 1, vary over a range of more than 10 5 , and at the end of the cycle, the entries of the monodromy are again of the order 1. This wide variation inevitably leads to a loss of 10 digits of precision in the monodromy. The peculiar behavior of Y (τ ) is concentrated in a small part of the period, and to capture it correctly the ODE solver used in step 4 of the algorithm has to be very accurate.
To find the four periodic orbits accurately, we modified the algorithm in section 2. All along the x axis, the vector field is directed in the orthogonal y direction. Therefore, the negative x axis is a natural choice for a Poincaré section. The modified algorithm starts at a point x 0 on this section and follows the trajectory from that point accurately until it cuts the section again at x 0 in the same direction as the vector field at x 0 . We used an eighth-order Runge-Kutta method due to Fehlberg [11] and a stepsize of 0.005. The fundamental matrix of the linearization along the trajectory is also computed. Assume that the fundamental matrix at x 0 is M . It will be close to the monodromy of the cycle if the initial point x 0 is close to being on the orbit. Instead of following the trajectory again from x 0 , we use the principles of section 2 and solve the 2 × 2 linear system
for δx and take x 1 = x 0 + δx as the starting point for a new iteration.
The trajectories were followed forward in time for attracting orbits and backward in time for repelling orbits. and −0.9654 for the orbits from outermost to innermost. Since a loss of 10 digits is inevitable for the three inner orbits, we used floating point arithmetic with 128 bits of precision. The eighth-order Runge-Kutta method, which does most of the trajectory following, was implemented using the GNU MP package [7] . Only a small part of the trajectory was followed in MATLAB. Table 4 shows that the convergence is quadratic. Table 5 gives the periods and the characteristic multipliers of all four periodic orbits with 15 digits of precision. The periods of the three inner orbits are very different even though they stick together closely. Most of the difference in period comes from the slow turn around the x axis. If the value of b is increased or decreased for fixed n, r, and m, two of the periodic orbits fuse together in a saddle node bifurcation. If n is changed slightly, then again there are two values of b where saddle node bifurcations occur. Thus for r = 0.87 and m = −1, there are two saddle node bifurcation curves in the n − b plane. In fact, according to comments in [10] , the two curves intersect at a cusp where presumably all the four periodic orbits are fused together. Finding 15 digits of the parameter values at the cusp and the periodic orbit at those parameter values could be an interesting problem. It does not appear completely trivial to construct a cubic vector field in the plane which has four limit cycles like the one above. Hilbert's 16th problem asks for the maximum possible number of limit cycles for a planar vector field of any given degree. Dangelmayr and Guckenheimer [2] did not comment on Hilbert's 16th problem but Guckenheimer's suggestions in [9] have much in common with the analysis in [2] .
Hill's Problem.
In 1878, Hill [13] derived the following equations to describe the motion of the moon around the earth:
Here, Ω = 3x 2 /2 + (x 2 + y 2 ) −1/2 . The Jacobi integral 2Ω −ẋ 2 −ẏ 2 is constant along the solutions of Hill's equation. In fact, it has been proven that it is the only constant expressible algebraically. With proper choice of units, Hill's equation describes the motion of the moon around the earth in a coordinate system that rotates with the sun. The motion of the moon is assumed to be planar, which it is nearly, and the perturbing effect of the sun is taken into account up to first order. Hill's equation can be derived from the restricted three-body problem using a scaling argument, a derivation whose "simplicity and directness is a source of true joy" [21] . Szebehely's classic work on the three-body problem [21] discussed Hill's equation. Lunar theories based on Hill's work are discussed in many sources on celestial mechanics, including [20] . Figure 4 shows two periodic orbits of Hill's equation. The inner orbit has 1/ω = 0.08084893380831 = nm ns−nm , where n s = 365.256371 and n m = 27.321661. This special value of the period makes the inner orbit an excellent approximation for the moon's orbit around the earth. Between the inner and outer orbits, there is a family of periodic orbits. If the moon were following the outer orbit, called the orbit of maximum lunation, it would come to a complete halt at the y axis (in the rotating coordinate system) before starting off again, pulled by the earth and by the sun. Hill's research on lunar theories achieved quick recognition and are influential even today. Speaking of Hill's work and progress in celestial mechanics, Poincaré said in the preface to his New Methods of Celestial Mechanics [22] , "In this work, unfortunately incomplete, we are permitted to perceive the germ of the major part of progress which science has since made." In what sense does Poincaré regard the work as incomplete? Perhaps he was referring to the Hill-Brown lunar theory later developed by Brown based on Hill's work; or he might have been bothered by the absence of rigor in some of Hill's calculations. Table 6 gives the data for the two orbits. This is possibly the most accurate determination of the two orbits done so far. Both the orbits are symmetric with respect to both the x and the y axes. Thus y(T/4) will give the intersection of the periodic orbit with the y axis. Further, y(0) = 0,ẋ(0) = 0, andẏ(T/4) = 0 for both the orbits. The monodromy, in both cases, has 1 as a double eigenvalue. But the eigenvalues in Table 6 approximate 1 very poorly. It is possible to prove that 1 is a double eigenvalue of the monodromy with a nontrivial Jordan block in both cases. Consequently, even though the monodromy is accurate, these two eigenvalues are not very accurate.
To approximate the lunar orbit, we generated a starting approximation using MATLAB's ode45 and Table II in Chapter 10 of [21] .
Step 5 of the algorithm in section 2 tries to compute a correction to x, y,ẋ, andẏ at t = 0, and to δω. However, since 1 is a double eigenvalue of M , the linear system of dimension 5 in step 5 will be singular or nearly singular. To compute the correction to these quantities, we set δω = 0, since what we seek is a lunar orbit of known period and δy = 0 so that y(0) = 0 across iterations. This leads to a least squares problem of size 5 × 3 to obtain corrections to x,ẋ, andẏ. We used a Fourier series of width 64 and filtered out 20% of the frequencies at the high end after each iteration. The errors in successive approximations, measured using the Jacobi constant, were 1.3e − 5, 1.4e − 8, 6.2e − 15, and 4.4e − 15.
The orbit of maximum lunation is harder to get. That orbit is defined by the conditionẋ =ẏ = 0 after one quarter-period when the orbit is at the y axis. There is exactly one periodic orbit that crosses the x axis at any given point in the vicinity of the orbit of maximum lunation. All these orbits are symmetric about the x and the y axes. Therefore,ẏ(T/4), which isẏ at one quarter-period, is zero for all these orbits. To solve for the orbit of maximum lunation, we need to find x(0) such that the periodic orbit passing through x = x(0) and y = 0 at t = 0 hasẋ(T/4) = 0 in addition toẏ(T/4) = 0. Starting data from [21] was used to construct a periodic orbit very near (error ≈ 1e − 5) the orbit of maximum lunation. We varied x(0), keeping y(0) = 0. Every time x(0) was varied, a new periodic orbit had to be constructed. This time we solved a 5 × 3 least squares problem in step 5 of the algorithm to obtain corrections to δω,ẋ(0), andẏ(0), while keeping x(0) and y(0) = 0 fixed. Finally, we applied the secant method [3] , which can be used to find the zero of a smooth function of one real variable. Two steps of the secant method were needed to solve for an x(0) such thatẋ(T/4) = 0. The final solution to the orbit of maximum lunation has an error of about 1e − 15. The error is measured using the Jacobi integral andẋ at one quarter-period.
In finding the orbit of maximum lunation, we used Fourier series of width 512 and filtered out 40% of the frequencies at the high end after each iteration. It is feasible to use Fourier series of width n for large n because the cost of each iteration is proportional to n log n. In the direct implementation used here, the cost is proportional to n 2 log n, but see [25] . As we noted in section 1, the cost of each iteration is proportional to n 3 for harmonic balance methods, which makes use of Fourier series of large width prohibitively expensive.
The three inner limit cycles in the planar vector field of the previous example combine slow and rapid variation. The adaptivity of AUTO [6] and the GuckenheimerMeloon algorithms [10] may make them more suitable for such examples. However, conditioning implies that the three limit cycles cannot be computed with accuracy greater then 1e-5 in IEEE arithmetic no matter what algorithm is used. Extended precision has to be used to compute the limit cycles accurately. We have derived a multiple shooting version of the Lindstedt-Poincaré algorithm [25] . Multiple shooting was not needed for any of the examples in this paper. Multiple shooting could be of use for computing a periodic orbit only if its computation is severely ill-conditioned, with condition number greater than 1e+10.
5.
Conclusion. This paper has concentrated exclusively on the computation of periodic orbits. Computing periodic orbits is a basic step in computing bifurcations of several kinds. We hope the algorithms given in sections 2 and 4.3 can be made the basis for computing bifurcations. The Lindstedt-Poincaré technique has been applied to partial differential equations [14] . The algorithm in section 2 may also be applicable to partial differential equations.
